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Descriptor Systems Subject to
Parameter Uncertainties
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Abstract—This paper presents information filters in Riccati re-
cursions and in array algorithms for descriptor systems subject to
parameters uncertainties. The filters are developed in filtered and
predicted forms. The inversion of the state matrix is avoided in the
new information recursive formulas. Therefore, it turns out clear
that the invertibility of the state matrix, usually considered in the
state—space information recursions, is not necessary. A numerical
example is provided to illustrate the performance of the proposed
robust array algorithms.

Index Terms—Array algorithm, descriptor systems, information
filter, Kalman filter.

I. INTRODUCTION

HE Kalman filter has been one of the most widely used
T tools for solving recursive estimation problems during the
last 50 years. However, early after its introduction, it was noticed
that the original algorithms presented some drawbacks related
to practical implementation issues.

Information filtering has been considered as an alternative ap-
proach to the covariance recursions of the original Kalman filter.
The filter algorithm in information form computes the inverse of
the covariance matrix (the so-called information matrix), P,fl,
and computes the state information estimate R_lii. The ap-
plication of this approach is justified when, for example, there
exists poor information on the initial condition z of the state
to be estimated. In this case, the information filter can be easily
initiated with information matrix zero, whereas the covariance
filter would invert very large covariance matrices. For some cat-
egory of problems, the advantage of the information form over
the covariance form becomes more evident. In multisensor envi-
ronments, information filter is easier to distribute, initialize, and
fuse than the Kalman filter [16]. It can reduce dramatically the
storage and computation involved with the estimation of certain
classes of large interconnected systems [2]. For more details on
information filtering see, for example, [1], [14], and [16] and
references therein.

On the other hand, array algorithms have been used to avoid
some computational problems related to Riccati recursions. It
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is known that round-off errors can cause a loss of positive-defi-
niteness of the computed covariance and information matrices.
Fundamentally, array algorithms reduce the dynamic range in
fixed-point implementations and assure better condition num-
bers than the conventional Kalman filter algorithm. More details
on array algorithms can be found in [2], [9], [10], [14], [15],
[24].

Recently, filtering and control of descriptor systems have
received great attention in the literature [3]-[7], [20], [21],
[25]-[28]. This interest is motivated by the fact that many
systems can be modeled naturally in descriptor formulation.
Applications include: economical systems [17], circuit sys-
tems [19], robotics [18], and aircraft modeling [23]. A signal
processing application of descriptor filters is encountered, for
example, in image restoration [8].

This paper develops information filters for descriptor sys-
tems for both nominal and robust versions. First, it is consid-
ered, Riccati equation-type formulation based on filtered and
predicted estimates of [11]. In the sequel, array algorithms for
the filtered and predicted information filters are derived. To the
best of the authors knowledge, robust information filters and
array algorithms for descriptor systems have not been addressed
in the literature yet.

In the literature for usual state—space systems without uncer-
tainties, Kalman filters in information form usually suppose the
invertibility of the state matrix [matrix F; in the model (1)]. In
this paper, nominal and robust information filters are developed
without the invertibility assumption. With this, the range of ap-
plicability of information filters is enlarged. The proposed ro-
bust information singular filters, reduced to the conventional
state—space systems [when F,;; collapses to identity in the
model (1)], can be compared with the robust filter in informa-
tion form of [22]. A drawback of the filter of [22] is the compu-
tation of the inverse of the information matrix at each iteration,
whereas our proposed filter iterates only the information matrix
(see Remark 2.4).

This paper is organized as follows. In Section II, the infor-
mation estimates in filtered and predicted forms for descriptor
systems, with and without uncertainties, are presented. In
Section III, array algorithms for descriptor information Kalman
filters are developed, and in Section IV, a numerical example
illustrates the performance of the proposed algorithms.

Notation

R is the set of real numbers, R is the set of n-dimensional
vectors whose elements are in R, ™ *™ is the set of m X n real
matrices, A7 and AT are the transpose and the pseudo-inverse
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of the matrix A, respectively, P > 0 (P > 0) denotes that P
is a positive definite (semi-definite) matrix, ||| is the Euclidian
norm of z, is the weighted norm of 2 defined by ||z|| , =

(:vTPa:) 1/2

II. INFORMATION FILTERS FOR DESCRIPTOR SYSTEMS

The information filters and the array algorithms to be pre-
sented in this paper were developed to estimate the following
uncertain discrete-time linear stochastic descriptor system

(Big1 4+ 0Eip1)ziv1 = (F; + 0F)z; +w;, 1 =0,1,...
yi =(H; + 0H;)z; + v; (D

where x; € R™ is the descriptor variable, y; € R? is the mea-
sured output, w; € R™ and v; € NP are the process and mea-
surement noises, F;11 € R™*", F; € R™*" and H; € RP*"
are the known nominal system matrices, and 6F; 11, 6F; and
0 H; are time-varying perturbations to the nominal system ma-
trices defined as

OF; =My iAiNyi; 2)
0Fit1 =MjsiA;Ne it1; 3)
O0H; = My ;A; Ny ;3 “4)
1Al <1 &)

where My ;, M}, i, Ne i1, Ny, Nj i are known matrices and
A, is an arbitrary bounded matrix. The initial condition, the
process and measurement noises, {zo,w;,v;}, are assumed
uncorrelated zero-mean random variables with second-order
statistics

Zo Zo Py 0 0
£ Ww; wj = 0 Q7 (51] 0 >0 (6)
Vg vj 0 0 RL (SLJ

where 6;; = 1if 7 = j and 6;; = 0 otherwise.

A. Nominal Estimates

The filters for the nominal system of (1) (when §F; = 0,
0E; 11 = 0, and 6H; = 0) solve recursively the following
problems:

1) the linear least-mean-squares filtered estimate

Trik = E{@k| Yrs Yr—1,- -, Yo} (N

2) the linear least-mean-squares predicted estimate

Trjk—1 = E{Tk| Y1, -, Yo} )

The filtered estimate recursion that solves the problem 1) is
given by [12], [20]

PL|_L =E/ (Qi—1+Fim1 P11 F- D Ei+HE R7'H; (9)
7|L Ph (Q1+FL 1PL 1li— lF'I;l)il

+Pi|iHiTRi Yi-

Fi1%i_q)i1
(10)

Remark 2.1: As it was demonstrated in [12], for the exisgpence
of a recursive solution of (9), it is required that [EzT HLT] has

IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 55, NO. 1, JANUARY 2007

full column rank for all z > 0. It is easy to observe that for the
usual state—space systems, this condition is always satisfied.
The predicted estimation for the problem 2) is given by (11)
and (12)
Pii1i= (B4 (Qi + FPyi1 F — FiPy;_ H
(Ri+ Hi Py H ) Hi Py F) 7 E )™t (D
Eip1i= Piy1i B, (Qi + FiPyji F — F;Pyi_ H
(Ri + HiPy;_1H] )" "H; Py, 1 F[') ™' Fidiyi1
+ Pii1i BN (Qi + Fi P FF = FiPyjiy
-H(Ri + H; Py H )" Hi Py F)
X Fy Py H] (R + Hi Py 1 H )™ (yi— Hifii—1)-
(12)
The existence of this predictor filter is guaranteed when E; has
full column rank. The proof of this condition can also be seen
in [12]. The filtered and predicted estimates presented above
depend on the matrix P.|.. In order to express these filters in
information form, where the filtering algorithms are constructed
to evaluate only P_rl, the known matrix inversion Lemma! and
some algebra are used.

1) Filtered Information Estimate: The filtered estimate in
information form is given by the following equations:

P =Bl Q. Ei+ H{ R; 'H; — E"Q; " Fi
(P FLQCFi) TR QL B (13)

Pl = B Q7 Fia (FIZ, Q7 1F, 1+P‘1,L D
P y@icajio + HE Ry, (14)

Equation (14) is obtained from (10) according to Appendix V-A.
Note that (14) is a recursion for the filtered information esti-
mate Pi‘_il:f?i‘i which can be obtained without needing to com-
pute P;|;. Because (11) and (14) propagate the inverse of the
error covariance, these equations can be used in cases where
there exist no information about part or the whole initial condi-
tion x¢ (zeros in PO_1 are related with infinity values in Py).

Remark 2.2: Tt can be noted that, even for usual state—space
systems (when F; = I), the main advantage of (14) if compared
with the usual information filter found in the literature (cf., e.g.,
[14, Ch. 9, p. 322]), is that the invertibility of the state matrix
F; is not necessary. This property can be verified in all other
information filters developed in this paper.

2) Predicted Information Estimate: The predicted estimate
recursion, (11)—(12), in information form can be written, after
some algebra, as

P L = ELQ7 By — ELL Q7' F(PL, + HI RTH;
+F Q7 F) T F Q7 By (15)
and
Pz+11|LAL+1|13
=ELL Q7 I+ F(PL, + HI RV H) T FF Q) ™!
F(Pll_l  HHIRTH) TIPS T
+ELLQ (T Fi(Py + HERTTH) T ETQ) ™!
Fi(Pty + HI RS VH) T HI Ry (16)
(A+BDC)™' =A'—A'B(I+DCA'B)"'DCA~".
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The guidelines to obtain (16) can be seen in Appendix V-B.

B. Robust Information Estimates

The robust estimates in information form of the uncertain
system (1), to be presented in this section, are based on the ro-
bust singular filters given in [11]. Here, in order to simplify the
filters expressions, it is assumed that NNV, eT i+1Ny,i = 0. There is
no loss of generality in adopting this assumption since the ma-
trices My ;, Ne ;41 and Ny ; in the error modeling (2) and (3)
can be always rewritten in order to satisfy this condition, as for
example

g
21 22
My, = | M Mg
_M}rfil M}t?
M A7ll 12 1
N il = Ne,i+l Ne,i+1 Ne,?+1
crtT 0 0o ... 0
0 0 0
Nf,i: 21 22 2 }
[ Nii Ny Nii

where are M;ff ,N! %y1> and N?{ are matrices of appropriate
dimensions.

For the original optimal robust filtered estimates, the fol-
lowing sequence of robust data fitting problems are proposed:
for ¢ = 0 solve

minmax[||$0||§r1 ¥ 170 — (Ho + 5H0)x0||§rl] (17)
zo 6Hp 0 0

and for 2 > 0 solve (18) as shown at the bottom of the page
where the uncertainties are modeled as (2)—(5).

Remark 2.3: Observe that all information filters devel-
oped in this paper are written in terms of {Q; ', R; '} and
{Q; ", R; 1}, according to the functionals originally defined
to solve these problems.

The filtered and predicted robust descriptor filters to be con-
sidered were deduced based on optimization problems defined
in the following fundamental lemma [22].

Lemma 2.1: Consider the problem of solving

min max [[lz]|3 + [|(A + §A)z — (b + 8b)||%/]

1
z {5A,6b} (19)

where A is the data matrix, b is the measurement vector which is
assumed to be known, x is the unknown vector, () = QT >0,
and W = W7 > 0 are given weighting matrices, {64, §b} are
perturbations modeled by

(64 6b]=HA[N, Ni], Al <1 (20)
The solution of the optimization problem (19) is given by
& =[Q+ ATWATHATWD 4+ ANT Ny 1)

where the modified weighting matrices {Q, W} are defined by
Q :=Q+ AN N,; (22)
W:=W+WHM — H'WH)'HTW (23)

and \ is a nonnegative scalar parameter obtained by following
optimization problem:

A =ar min  G()) (24
A>||HTWH||
where
G(A) = [lzMIG + MINaz(X) = Nol|* + [[Az(A) = bllF-(n)-
(25)

The auxiliary functions are defined by
z(A) :=[Q\) + ATW (M)A HATW (M) + ANT Ny
Q(N) :=Q+ AN] N,

W) :=W+WH\ — HTWH) HTW.

o
1) Robust Filtered Information Estimate: The robust sin-
gular filter based on the solutions of (17)—(18) is developed in
[11]. It is not reproduced here due to space limitations. With
the same arguments used to deduce the nominal information fil-
ters aforementioned, it can be shown that the robust filter for
the system (1) in information form can be computed by the fol-
lowing algorithm.

Step 0: (Initial Conditions): If M}, o = O then
-1 -1 —1
Py =Py " + Hg Ry Ho;
P(;Olgeom = HI Ry yo. (26)
Otherwise determine the optimum scalar parameter Ay by
minimizing the function G(\) of (24) with the identifications
(67) over the interval A > ||MhT70R0_1Mh,0 || and set
Ry =Ry '+ Ry "My o A-iI— M} g Ry "My o) "ML Ry
Py =Py ' + Hg Ry Ho + A 1N 4Ny o;

Pyl &ojor=H{ Ry yo.

0/0 27

Step 1: If M5 ; = 0 and My, ;41 = 0 then 5\1 := 0. Otherwise
determine the optimum scalar parameter i by minimizing the
function G(X) of (24) with the identifications defined in (66)
(see the Appendix V-C) over the interval

Y RO
0 MhT,z'+1 0 R0 Mhina

j\i > )\l,i =

and replace the given parameters {Q; ', R}, +11} by the
corrected parameters

Q7 =Q7 "+ Q7 My (NI M, Q7 "My ) 'MT,Q7 (28)
Rijrll:: RN+ R My i (NI — M}T,i+1R7‘,_+11Mh,i+1)71

x ML RN (29)

min max
{zi,wiz1} {6E;i41,6F;,6H; 11

N 2
o=l o B 4 8Fia)arian = (Fi 4 8Faillges + llzvwn = (Hisa + 6Hinwinllys

(18)



Step 2: Update

{PLIv il Hi} to { 7+1|z+17PL11|1+1%‘+1\1'+1} (30)
as (31) and (32).
- T AH-1 T 1
Pl = ELQT By — ELL QT Fi(P + NN Ny
+ FETQZ_IF’L) lFiTQi 1E’L+1 + H +1RL+1HL+1
+ )"i[N}ZiJrlNh.,Hl + N5T,i+1Ne,i+1] 31)

—1 o
Pt @islivt

=EL, Q7' (I - Fi(P + NN Ngi) ™!

x FFQ; ) Fy (Pt + AiNTiNpa) TH P M

+ HE Ry (32)

One can observe that +1 } full column rank is a sufficient

Hia
condition for the existence o4f— this robust filter [11].

Remark 2.4: The robust information filter for singular sys-
tems developed in this section can be compared with the ro-
bust filter presented in [22, Table 3, p. 265]. With E; = I,
Neiv1 = 0, and Ny ;41 = 0, the filter (31)—(32) reduces to
the following state—space robust filter:

1+1|Z+1 =Q;! QZlFi(PJil + AiNF Ny
+ FIQT )T QT + Hi R Hiya (33)
Pl:—llL—I—l i+1li+1
= Qi ' (I = Fy(Py; + NiN{Ngo) T FI Q7)™

x Fi(P, +)"iNf,iNf,i)_lquTilj:ili+HZT+1R;+11yi+1

(34)
and the state—space robust information filter of [22] is given

by (the notation Ef; of [22] was changed to N¢; for easy
comparison)

_ _ T A
1+1\1+1 7+1|L+1 |:(P1+1|1+1 Hi+1R7+1H‘+1)F P“:I

><P x1|L+H+1RL+1yZ+1 (35)
where
P;rlw =F" TP|11F_ — K, Ry JK!, ++H R Hig
Koi=F TP P!
R,i=Q;' +F TPL|11F1_
P,‘j P +,\ NfLNh

R=Riyi — 5\;1Hi+1Mf,iM}:iHi7-;-1'

One can observe that this filter is not a genuine information
filter. It is necessary to compute P;); and P Lin (35).
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2) Robust Predicted Information Estimate: Similar to the ro-
bust ﬁltered estimates, to update the robust predicted estimate
from P; . il 1:131‘2 1 to PZ+1| %i41)i- itis solved the following opti-
mization problem for ¢ > 0 as shown in (36) at the bottom of the
page where the initial conditions are Zo|_1 := ZTo, Py|—1 = F,
and the uncertainties are modeled as (2)—(5). The information
version of the robust predicted estimate can be computed by the
following algorithm

Step 0: (Initial Conditions):

1
P0| 1 _PO
P(H_lll?ol_l '_PO Tg. (37)

Step 1: If My ; = 0 and My, ; = 0, then set)\ = 0. Otherwise
determine the optimum scalar parameter )\ by minimizing the
corresponding function G(\) of (24) with the identifications
defined in (68) (see the appendix V-C) over the interval

M, 0 Q7' 0 | [Mp: 0
0 M, 0 R’ 0 M,

. (38)
Step 2: If \; # O, replace the given parameters {Q; ', Ry’ ", F;}
by the corrected parameters

j\i > )\l,i =

Q‘l—-Qi—1 01 where O is given by (28
e where Q)7 is given by (28)
o [R7Y o

1. i
R = | I}

RVi= RN ROUMy (AT - MR My ) MR

z+1

gi+1 = fNe z+1:|

.7:1' = I /):7Nf,1:|
o
Step 3: Update
{ z|1 1’ 2|1 1‘T ili— 1} to { l+1\1’Pi:-11|i:%i+1|74’} (40)
as (41) and (42).
P111|2_8£—1Qi,_15i+1 SLI-;-IQ 1‘7:( z|z 1
+HIR M+ FFQ7 P F) Y FE Q6 (4D
7:—1|1 it+1ld
=497 (I + Fi(PL, + HI R Hy) ™
FLQTY T FR(PLL A HI R H) T 1P1,7 1 Bifim

+EM QT I+ F(Pyly + HI R H:) !
CFrorhy- 1]—"(P|Z LA HIRT M) T HI R .
(42)

min |:||% -
{xl 7,+1} {6E7,+1 6F 6H }

fi|7:—1||§>ﬂ21_1 +|(Bit1 + 6Eip1)zip: — (F; + 5Fz‘)$i||2Q;1 +|zi — (Hi + 5Hi)il?i||§3;1} (36)
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Pre— Array| —— | Post — Array
UT.
Matrix Matriz
Response matrix
Fig. 1. Unitary transformation (U.T.) in array algorithm.

As it is detailed in [11], the existence of the filtered estimate
does not assure the existence of the predicted estimate for de-
scriptor systems, where the future dynamic has influence on the
present state, then (36) was defined to solve the predicted case.
For the existence of this robust predicted filter it is sufficient
FE; 41 full column rank.

III. ARRAY ALGORITHMS FOR DESCRIPTOR KALMAN FILTERS

This section develops array algorithms to compute solutions
for the Riccati equations of the information filters developed in
the previous section. Array algorithm is an alternative way to
solve recursive equations instead of the explicit ones. It prop-
agates a square-root factor of a variable, which is defined for
a positive semidefinite n X n matrix P by a n X n matrix A
so that P = AAT. These square-root factors are not unique.
Defining © as a unitary matrix and @07 = 070 = I, A0 can
be defined as square-root factor of P. This factor can be unique
if additional constraints are defined, for example if A is consid-
ered triangular or Hermitian. Actually, Hermitian factor is the
true square-root factor because P = AAT = A? and A can be
written as A = P'/2. Usually, the square-root factors of a re-
cursive equation can be propagated by array algorithms in the
following manner [14].

1) Itis created a pre-array based on i-instant data.

2) This pre-array is transformed in a specified shape (usually
triangular) using a sequence of elementary unitary trans-
formations (rotations or reflexions).

3) The desirable values at (i + 1)-instant can be immediately
read at the post-arrays.

There is no explicit equation computation. This procedure is

resumed by Fig. 1.

The deduction of these array algorithms are based on the fol-
lowing Lemma.

Lemma 3.1: [14] Let A and B be n X m (n < m) matrices.
Then AAT = BBT if, and only if, there exists an 1/ X m unitary
matriz © (00T = I = ©T0) such that A = BO.

A. Filtered Information

The filtered information estimate computes the inverse PL| !
of a Riccati recursion. In order to achieve an array algorithm that
propagates the square-root factor P‘_ 1/2 , the right side of (11) is
written as Schur complement? of { P, 1|L PR Q7N Fia}
in
P 1li—1 + FijllQi_—llFi—l

i— qullQ:le7
ETQ7\F,_y EIQ:'\E;+HIR"H,

(43)

2Schur complement of A in M = {
CA-'B

A Bl . . by Ax = D
c D is given by A4 = —

According to Lemma 3.1, one must find an equality AAT =
BB . Then, first, (43) is factorized as Ay ; A} ; where

PP B 1o G s
fi = T A—1/2 T p—1/2 (44)
0 Ef Q4 Hi R,

Using other property of Schur complement3, (43) can be written
as

|: I 0:| AL1£21 0 A}£21 0
EFQ; L F 1A 1 0 Pi|_i1/2 0 Pil_il/2
I A7\ FT Q7Y E,
.{0 : (46)

where A;,_; = P_1|L 1+ FTIQZ 1FL 1 is Hermitian and

positive-definite. With (46), (43) can be factorized as By ;B¥ i
where

B A2 0
S R e

ili

! (47)
ol

The array algorithm for the filtered estimate, in information
form, is explicitly established via (47), (44), and a unitary matrix
O, as

Pi_fll/|i271 FLT1Q_1/2 0
0 EFQM* HIR
Al 0 0
EQILFL AT Py 0]' 0

B. Predicted Information

Following the procedure used to find the array algorithm for
the information filtered estimate, the predicted information es-
tlmate computed by (15) is rewritten as Schur complement of
{PyL, + HI R H; + F Q7 'F;} in

[P“ ,+HIRH; +FTQ 'F, FTQ; 1E1+1 ]
+1

7,+1Q1 'L+1Q1_ (49)
Equation (49) is factorized as Ap,iAz;i where
PL|_L1—/12 l;vTQi—l/2 HIR-1/2
Api = Ry (50)
0 E*Q, 0

Following the same decomposition defined in the footnote (45),

(49) can be factorized as B, Bp ;» Where
X; 0
B, [ —1 /2 } (629
Y, P, +1i 0
[A .
3A block matrix {C } can be factorized as
A B I 0 A 0 I A'B
= . 45)
o ol=lei W5 2o 717



with X; = (Pl + HIR7'H, + FIQ7'F,)"/? and

Y; = ER,Q'F(P, + HFR'H; + FFQ; ' F;,)~4/2.
Then, there exists a unitary matrix © such that the array algo-
rithm for the information predicted form can be computed as

(52) as shown at the bottom of the page.

C. Robust Filtered Information
Considering C; = N,%HNMJr1 + NZi 1 Neiy1, the right
side of (31) can be written as the Schur complement of K; =
Pt + NPNT N A + FTQF, in
[ K; FIQi'Eip
ETL\Q7'F, HE R7LHipr + A2CA?
that can be factorized as Arf,iArf,i’ where A,¢; is defined

in (54) as shown at the bottom of the page. (52) can be also
rewritten as

] (53)

} {I Ki_lFiTQi_lEi-l-l]
I

I 0] K; 0
EL Q7'F;K 1]|0 Pi:—hi-i—l 0
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D. Robust Predicted Information

Following the line adopted to deduce the array algorithm for
the nominal predicted estimate, and observing the similarities
between (15) and (41), the array algorithm for the robust pre-
dicted estimate is given by (58) as shown at the bottom of the

page.

IV. NUMERICAL EXAMPLE

A numerical example was performed in order to com-
pare the descriptor information filters, in nominal and
in robust forms (13) and (31), with their array versions
(48) and (57), respectively. The singular values of Pi‘_i1
(aj(P,L.‘_il) : j = 1,2,...,n) were computed first for the
Riccati equations via Matlab double precision floating-point
processing (this floating-point processing was used as refer-
ence, for comparison), and second for the Riccati equations and
array algorithms were computed via Matlab (Simulink toolbox)
16-bit fixed-point architecture. The nominal model of (1) is

(55) considered as
and 114 0 0 097 0 0]
K}!? 0 0] E;i=| 0 117 0 Fi= 027 —078 0
Al —1/2  -1/2 ) ) .
ETTHQL FiK; Pi+1|i+1 0 0 0 0.12 0.12 0 67:
i T 011 0 0 770 0 0
K, e 00 se Hi=| 0 052 0|, Q7t=|0 55 0 |,
ELQ7'RKY? PR 0 0 0 031 0 0 7.14]
Therefore, based on Lemma 3.1, the array algorithm for robust 12.50 0 0
filtered estimate of singular systems, in information form, is R; 1= 0 3333 0 59)
given by (57) as shown at the bottom of the page. 0 0 50
PRy FTQYY? HIRTP] (Pt + HI R H 4+ FT Q7 )12 0 0 o)
0 ELLQT o ELL QM Fi(Py + HE R Hy + FTQ Y F)™Y2 PR 0
y PR FTQTVE AVNT, 0 0 0 ] s
rfi = A_1/2 ' A—1/2  11/2 2172 :
0 EBLQ;Y 0 oL R AY Niia A Nl
Pi|_i1/2 FiTQi_l/z X}/zNzi 0 0 0 ‘| o
A_1/2 A—1/2  31/2 2172
0 ElLQ; / 0 Hl i+1/ /\i/ NhT,i+1 )‘i/ Ng:i+1
B K;? 0 00 0 0 57
Eﬁléflﬂ&_l/z PL'111/\1'2+1 000 0]
P HIRSYE FQI (Prhy + HIRT M, + FF QT )1/ 0 0 8
0 0 &M R QT F (P + HIRT M + FTQTLF) V2 PN 0
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TABLE I
MSE BETWEEN FIXED-POINT AND FLOATING-POINT
IMPLEMENTATIONS OF o ( P; ‘11)

I Type I Implementation “ MSFE, I MSE; I MSE;3 ‘
Nominal Riccati 229510 | 67.1321 | 0.0026
(x107°) | Array Algorithm || 0.3410 | 0.0033 | 0.0007

Robust Riccati 68.6992 | 3.8622 1.4211
Array Algorithm 0.0044 0.0003 | 0.0004
and the uncertainties of (1) as
[0.1 0 O 0 0 0
N, = 0O 0 Of, Ny=10 005 0 [,
L0 0 0 0 0 0.3
0.002 0 0
Ny, = 0 0.03 0 ,
| O 0 0.002
[05 0 0 8 0 0
My = 0O 05 O |, M,=|0 8 0 (60)
i 0 0 1.3 0O 0 8

Table I shows the mean square error (mse) between the
fixed-point and floating-point implementations, computed via
singular values of P.lfl, defined as

mse] - T z : 1|L

where the Riccati equations and array algorithms are computed
for the nominal model with parameters (59) and for the model
with uncertainties (60); 1" is the number of iterations. When the
floating-point configuration is used to compute P£|_i1’ the results
obtained through array algorithm and Riccati equation are al-
most the same, as it was expected. One can observe in Table I the
advantage of array algorithms for nominal and robust descriptor
filters. The adjust of the robust filter, (31) and (57), was per-
formed as A\; = 40 for all 7. Fig. 2 displays the singular values of
lel for robust descriptor filtering in information form for three
different implementations: Riccati equation computed through
the floating-point processing; Array algorithm and Riccati equa-
tion computed via fixed-point processing. One can observe that
the array algorithm implemented with a fixed-point configura-
tion has produced the same results obtained when floating-point
configuration is used, the singular values of Pi_z.1 are almost the
same. There exist expressive differences between the singular
values when P |1 is computed via Riccati equation and with a
fixed-point configuration.

— o (PNp)? (6D

V. CONCLUSION

This paper has developed Kalman-type recursive estimates
of descriptor systems in filtered information and predicted in-
formation versions for nominal and robust estimation problems.
The respective array algorithms have also been presented. These
new information filters do not require the invertibility of the ma-
trix F; for four important filtering classes: of robust descriptor
systems, of robust state—space systems, and of the respective

First Singular Value Second Singular Value

— floating—point ™
-e- fixed-point (array) 3 *
=~ fixed-point (information)

' — floating-point
\ . =0~ fixed—point (array)
350 % s -6~ fixed—point (inf.)
;

— floating—point
2f -0~ fixed-point (array)
=4~ fixed—point (inf.)

0 2 4 . 6 8 10
i

Fig. 2. Singular values of P ! for robust descriptor filtering, in information
form, for three different 1mplementat10ns

nominal descriptor and state—space systems. The proposed ro-
bust information filters and array algorithms, are the first filters
developed in the literature for uncertain descriptor systems and
also for uncertain state—space systems. The only robust infor-
mation filter that was found, presented in [22], is not exactly a
robust information filter. The numerical example shows that in
fixed-point implementations, the information matrices obtained
by array algorithm are closer to the correct values (the results
obtained via floating-point are assumed as reference) than those
obtained by Kalman-type implementation.

APPENDIX A
NOMINAL FILTERED INFORMATION FILTER

Equation (14) is obtained after the following algebra: ﬁrst
it is applied the matrix inversion Lemma in (10) and P, . Iz
multiplied in both sides of the equality

—Q7'F_, (P‘_11|i— +FF Q!
XFifl) lFTlQ ) Z*lxl—lll—l + HTR Yi

and then EY Q7 'Fi (P15, + FL Q7 Fima)™!
evidence.

“a  _ pT(o-1
Py = B (Q;
is put in

3

APPENDIX B
NOMINAL PREDICTED INFORMATION FILTER

To obtain (16), the matrix inversion Lemma is applied in (12)
and Pi|_i1 is multiplied in both sides of the equality

—1 =

Pititi
ET, (QH—F(P‘ L+ HIR;TH)T 1Fz.T>_
P+ B, (QZ+F( i ' HHTRT 1H)FT)

FyPy 1 H (Ri + Hi Py H) 7' (yi — Hidigpin).
(62)



This equation can be rewritten as
Poly
=Ef1(Qi+ F(Pyt  + HI Ry H) 'R~
X (Fi(Pi|i—1P|z — Py HY (R + HiPy;_H) ™!
HiPyjiaby),— Y Bt Py HY(RA-H Py HE ) ™).
(63)
Using again the matrix inversion Lemma and multiplying
the last term of (63) by (P;.', + HFR; 'H;)~(P; !, +
HT R;'H;), one obtains
Pty
=B (@0 AP, + HIRUH) U ET)
(Pt + HTRTHy) ™
x P 1xL‘1_1+(P|11+HTR YH;)
(P, 11+HTR YH;) Py HY (R + H; Py HY) ™ yy)
(64)
1 (64) can be

putting in evidence (Pi|_il—l + HIR;7'H;)~

rewritten as

-1 ~
Pi+1\ix’i+1|i
1+1(Q2 + F (Pz|1171 + H?leHZ)_1F1T>_
F(P|71 +HIR; 1Hi)_1(P¢T11_1217\i|i—1

+HH+ H,‘,TRi_lHa',Pi|i71H7‘,T)(Ri‘i‘HiPiﬁlezT)_lyi)

(65)

and then, withdrawing @, of the inverse and rewriting ( H ZT +

HIR7"H;Py;,_1H}) as H' Ry '(R; + H; P;;_1 HY') one ob-
tains (16).

o

APPENDIX C
ROBUST INFORMATION FILTERS

To compute the optimal robust filtered estimates, the fol-
lowing identifications are required in Lemma 2.1 to find A;

=[5 Gl e 15
i [0 smn ] o [P0 ]
o[ ol w5 a]
e[ e [

and for the initial condition, the following identifications are
considered:

A(—Ho; b(—Zo; 5A<—6H0
0b —0; Q<—P0_1; W<—RO_1

H — My 0; Ng — Npo; Ny 0. 67)
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To compute the optimal robust predicted estimates, the fol-
lowing identifications are required in Lemma 2.1 to find A;:

_—Fi Ei+1 . Fi£7‘,|1‘,—1
A= | H; 0 } b= [ — H;ij);1
_—6Fi (5Ei+1 . 6Fz -
0A — 5HL 0 :| ;0b — |:5HL:| Tili—1

Pty 0] Q' 0
Q| % 0}’W‘_[0 R;l}

[ My, 0 . Ny | -
H — 0 Mh,i+1:| s Ny — |:Nh,i:| Ziji—1-
[—N;i Neiy
R A (68)
o

More details of these proofs can be seen in [13].
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